A traditional dealing with a semi-classical 
limit and Hopf theorem 



Yanlin Yu 



Abstract. This paper deals with a semi-classical limit (Theorem 1) by using 
traditional mathematical methods, and shows a Hopf theorem as a corollary. 
A formal discussing of it may be found in [7] 

1 A semi-classical limit theorem 

Let M be a compact, closed Riemannian manifold of dim n, and V a vector field 
without degenerate zeros on M. Let A*(M) be the space of differential forms on 
M , and 

D = d + S : A*(M) -> A*(M) 

be the de Rham-Hodge operator, which is an elliptic operator. Let us consider a 
Witten's deformation of d + S. 

D t = (d + 6) + t[V* A +i(V)] : A*(M) -» A*(M), 

where V* is a 1-form dual to the vector field V, and V*A means the exterior product 
by V* , while i(V) the interior product by V. Let 

□ t =Z? 4 2 : A* (A/) -> A*(M), 

and e _rDt be the solution operator of the heat operator + D t . It is well known 
that e~ TDt is an integral operator, i.e. there exists a unique family of linear maps 

G(r,q,p,t):A;(M)^A*(M) 

such that 

(e- TD ^)(q)= f G{ Tl q, Pl t)cp{p)dp, V0. 
J M 

Such a family of G(r,q,p,t) is called a fundamental solution of the heat operator 
■gp + O t , The fundamental solution can be determined by the following equations 

' (gf + a t )G(T,q,p,t)=0 

lim / G(r,q,p,t)4>(p)dp = <f>(q), V0, 

where □( acts on the indeterminate If is thought as a deformation of a physical 
system, Witten ([3]) had considered a limit situation of □< as f — > oo, and called 
it a "semi-classical limit" . By using this consideration he and [2] gave a proof of 
Morse inequalities. Afterwards Bismut([l]) considered a double limit 

lim lim stre r ° * 



to give another proof of Morse inequalities, where str means a super trace we will 
explain later. The first limit lim actually means that 

"t — > and t — > oo and rt is kept as a constant." 

We call this limit a semi-classical limit too, and denote it by s — lim. As the 
semi-classical limit 

(s — lim)stre = (s — lim) / str G(r,p,p, t)dp 

Jm 

is concerned, how to understand the fundamental solution G(r,q,p,t) is a very 
serious thing. We introduce $o(r,t,p) as follows in order to replace G(r,p,p,t) 
when the semi-classical limit is evaluated. 

For any p e M, choosing an orthonormal frame {Ei(p), • • • , E n (p)} at p, thus 
the vector V(p) can be expressed as 

V(p) = ^2v i {p)E i {p). 

i 

Define % by 

Ve j ( p )V = Y,Vij{p)Ei(p), 

i 

where V is the Levi-Civita connection. In general the matrix (vij(P)) is not sym- 
metric, we denote it by A(p). Let A(p)* be the transpose of A(p), 

9 = 0{r,t,p) = 2Tty/A(p)A(p)*. 

Define a linear map 

Mr,t,p) :a;(m)-> a;(m) 

by 

Mr,t,p) =^Jtet{J^ 

( vi(p) 

-2rt 2 (v 1 (p),---,v n (p)y oshe - 1 



■ exp < 



where 



8 sinh e 



Tt^Vij^E+ErK 



\ v n (p) 



Ef - Wj -(p) ± i{Ei{p)) : a;(m) - a;(m), 

•, w n (p)} is the coframe dual to {Ei(p),-,E n (p}}. It is easy to see that 4>o 
does not depend on the choice of {E\(p),- ■ ■ 7 E n (p)}. In this paper we will prove 
the following theorem 

Theorem 1 Let M be a compact closed Riemannian manifold, V a vector field 
without degenerated zeros. Then 

(s-lim) / \G(r,p,p,t)-(j) (T,t,p)\dp = 0, 
Jm 

where we used the norm of a linear map, which is defined as usually, i.e. 



In order to prove theorem 1, we need to introduce a parametrix out of considerations 
of harmonic oscillators in §2, and by using Lemma A and Lemma B in §4 we can 
compare the parametrix with G(t, q,p 1 1). The proof of theorem 1 will be finished in 
§6. In §7 we prove the Hopf theorem. The appendix, which shows an independent 
interest, is needed when we prove lemma A. 
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2 Harmonic oscillators 



Let us recall Mehler formula first. It is 

M(r,y,x,b) = 



1 1( 6 \ 

■ ex P {-47 5iare i coshd ■ ( x2 + v 2 )- 2x v]} , 

where 8 — 2br. The Mehler formula satisfies 



J §L _|_ 1,2 2 

dr dy 2 + If 



M(r,y,x,b) = 



lim / M(r,y,x,b)f(y)dz = f(x). 
From the above equations, it is easy to see that if 

Mo{r,y, x,b) = M(r,y + x,x,b), 



then 



Again, if 
then holds 



' T -^ + b 2 (y + x) 2 \ M (r,y,x,b) = 
lim / M {T,y,x,b)f{y)dy = /(0). 



$(T,y,a,b) = Mo(r,y,-,b), 



- ^2 + (a + by) 2 )\ $(r, y, a,b) = 

lim f *(T,y,a,b)f(y)dy = f(0). 
Let us check wheather $ has a singularity at b = O.Due to 
$(r, y, a, b) = M (r, y, f , b) = M (r, y + f , f , b) 

[i "^ + (y + t) 2 )-^tbj + i)\} 



/4irT V sl 



inh 8 eX P{ It 



sinh 8 



^\/--l7«exp{ i [^£^y 2 + 4ar cosh . e - 1 v + 8a 2 r 

'4-n-T- y sinh 8 ^ L 4r L sinh 8 y sinh 8 y 



2,2 cosh8-l ~ 
8 sinh 8 . 



there is no singularity at b = 0! From the above formula of ^(r,y,a,b) it follows 
that 



$(T,y,a,b) 



o PYn / i e(coshe+i) 2 

/I^FrV sinh0 LA -^L 8t sinh 8 » 



J_ 

' 4t 



< 



cosh 8— 1 
8 sinh e 



/ e(coshe-i) 

'«V 2 sinh 8 



4-7TT V S ^ nn ^ 



OX" 



P{- 



1 8(cosh8+l) „,2 
8t sinh 8 



2/ 2 } 



$(r,y,a,6) 



'47I-T V^S 



,2 sinh 8 



< 



— V ih 8 eX P{ Tfl2 8 cosh 8 4t 

,2 sinh 8 ~| 
sh8J- 



/ 8 cosh 8 „ , _i_ 9„_ cosh 8 — 1 
V sinhe V + ZaT V8cosh8-sinh8 



'47TT V S i n ^ ^ 



exp{- 



Tfl 



Definition 2 For a vertor a = (ai, • • • , a„) € -R™, and an n x n matrix _B, let 
and 6 # be arithmetic square roots of 4t 2 BB* and 4t 2 B*B respectively, where B* 
is the transpose of B. We define 



$(r,F, a,B) = 73 i^ V / dct( 5I ^) 



exp{-4Vr 



cosh T ' * 



4r sinh 



cosh 0—1 
sinh 



d„* cosh0 # — 1 1 

^" _ 2Tfl B*sinhB* a I' 
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where Y = (yi, ■ ■ ■ , y n ), Y* and a* are the transposes of Y and a respectively. 
Proposition 3 $(t, Y, a, B) satisfies 

^7 - ELi & + (a + YB)(a + YB)*] $(r, F, o, S) = 



lim / $(r,y,a,B)/(r)dy = /(0). 



Proof Sometime we denote an (i, j)— element of a matrix C by Cy, and coshB 
by cosh, and coshO # by cosh # . Note that ® does not depend on r, hence 
\fracddr(® ) = 0. This fact helps the following computations. First 

&*= * { \/ dct (^T&V^ (A) - ffi) ^ 

then 

V det (A) _1 ^ V dct - I (det l^))- 1 |r (det (^)) 

— i+r /V e ^ 9 i e ^ — itr ( niak e / cosh e\\ 

— 2 Li ^Vrsinh/ Or U sinh 9 / ^ — 2 11 V 6 rV Sh^r// 
= -^(fff). 

And then by 

9 d /cosh\ 6 2 t d /cosh-l\ _ cosh-1 

t dr \ sinh / T 2 sinh 2 ' 6 dr \ sinh / sinh 2 



we get 

d „ ^ f 1 /9cosh\ 1 9 2 cosh-1 , „ cosh # -l , 

$ = $ < -7-tr — — — + — Y ^Y* - 2Y ^Ba* - 2a ^-a* 

dr i 2r V smh / 4r sinh 2 sinh 2 sinh # 



Again, 



4 $ = * {-£ % - 2 - (ot)^ - 

E O 2 ffy (J, / Ltr I Q cosh \ I 1 y / 6 cosh \ 2 y* 
» 9y? |^ 2t V sinh / IT 7 1 V sinh / 2 

+ 2y cosh(cosh- lW + 4r2fl ^ ( ^ } 2 Bffl . } _ 



Therefore 



_ v. |^$) = - i YG 2 Y* - 2YBa* - 2a cosh *- 1 a* 

_2 ~ d * /cosh— I s ! 



= - i i 7 ye 2 y* - 2y 5a * - ^-^^a* a (0^) 2 e#V 
= -ye.B*y* - 2ysa* - aa * 

= -(YB + a)(B*Y* +a*). 

The first half of the proposition is proved. Because the second half is easy, its proof 
is omitted. 

Proposition 4 There hold 

(i) Z(r,Y,a,B) < ^yd^^)exp{-iy^±l)y*} 



(u) *(r,y,a,B) < * Jdet(^)exp{-ra^a*} 
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Proof The proof is similar to the case of $(r, y, a, b), which was mentioned 
before. 

Proposition 5 Let $ (t, Y, X, B) = $(r, Y — X, XB, B), then 
(i)Mr,Y,a,B)= ^^det exp {- £y (^) y* 

(Mehler formula), 



(u)d>o(r, y, fl , B) = ^ ^/det (J E )exp {-£(y + (y + X) * 

-^(y-x)^±i)(y-x)*}. 

Proof We only check (i) as follows 

exp {-±(Y X)^(Y xy 2r(y - xy-^B(XB)* 

-2r(XB)0^(XB)*} 

= expi-^y^^y* - J-x^^x* 

^ L 4r sinn 4r sinn 

- 4 ^Iot^) 
= cxp {-£y^y* - i*^** + ^Y^X*} ■ 
Therefore (i) is true. 

3 Parametrix 

Choose a local orthonormal frames {E\, . . . , E n } on M, let {u>i, - ■ ■ ,w n } be the 
coframes dual to {E\, . . . , E n }, then 



and 



so 



V = v,Ei, V* = ViLJi, 
V* A+i{V)= Vi E+, 
D t = (d + S) + t Vl E+ = ErV Ei + tViEf. 



Therefore 

U t = D\ = (d + S) 2 + E 3 . k (EyV Ek tv 3 E+ + tv 3 E+EyV Ek ) + e £\ k v jVk E+E+ 

= {d + sy + £ . >fc tv jk E^E+ + z jik tv 3 {EyE+ + E+Ey)v Ek + e £ . v) 
= (d + sy - £ . ifc t^is+i?* + 1 2 Ej 

(One may see [yu 6] for formulas for the multiplication table of E^ , • • • , E+ , E^ , • • • , E~ .) 

Now for p £ M in a neighbourhood of p we choose a normal coordinate system 
{yi, • • • , y„} centering at p and an orthonormal moving frame {E\, • • • , -E n }, which 
is parallel along geodesies passing through p and 

_d_, 

dyi 

Of course the coordinates of p is (0, • • • , 0). Suppose the coordinates of q is (yi, ■ ■ ■ , y n ) 
y, for q near p. D t can be written as 

D * = - E 0^ + f2 I>* (p) + E ^w^) 2 - E ^Mp)e+e- + ..., 

i 1 i k j,k 



Ei(p) - — 1 ( , 
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which suggests the following definition of H(r,q,p,t) after comparing D t with the 
first equation in Proprsition 3. H(T,q,p 7 t) is chosen for a good approximation of 
the fumdamental solution G(r,q,p,t). 
Definition 6 Define 

H(T,q,p,t):A* p (M)^A* q (M) 

by 

H(r,q,p,t) = $(r,y,(tui(p),- • • ,tv n (p)),tB{p))exp^2rtv jk (p)EfE^ ■ <j>(q,p), 

where {B(p))- = Vji{p),4>{q 1 p) is a C°° fuction, which equals 1 in a small neigh- 
bourhood of the diagonal of M x M and outside a little larger neighbourhood. 
The proposition 13 in §5 means that this H (r, q,p, t) is a parametrix of + D t . 

Let 

Q(r,q,p) = ^Urexp {-— ^} : A;(M) - A*(M), 

then the proposition 4 in §2 induces the following lemma immediately. 

Lemma 7 For so > there exist cq,c\ > such that for rt < sq we have 

|-H"(T,g,p,i)l < CoQ(ciT,q,p)expi v(p) 2 

Proof Note that 

|exp{rtojfc(p)£;+^} | < const., 

and consider the square root of the product of right-hand sides of inequalities in 
the proposition 4, we get a proof easily. 

Lemma 8 For t , s > there exist c , c\ such that for any r, t with < t < r 
and < rt < s we have 

|(— + □ t )fr(T,g,p,t)| < co{V^t + l)Q(c 1 T,q,p)exp \ v(p)' 

or y ci 

Proof First we recall some notations and facts in [5], let H % i , T*-, Rijki be defined 

by 

^ EiEj = r^Ek, 

Rijki = - < (V Si V Ej - V Ej V Ei - V [EiiEj] )E k ,Ei >, 

and let (Hij) be the inverse of A corollary 8 in [5] claimed a Taylor's 

expansion 

H ij(y) = 5 i:j + - Ri 3 ki{p)vkyi + .... 
k,i 

As usual A is defined by 

A =^(V Si V Ei -V Fi ), 

where = V Ei Ei. Weizenbock formula reads 

(d + <5) 2 = -A + i?, 

where ^ ^ 

R = g X! Ri 3 klE i E j E k E t + 4 X! ^'-w ' 
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Thus 

□t = -A - tv jk EfE^ +t 2 J2 v j + R- 

jk j 

Denote 

exp |^Tto jfe (p)£+^ | <f>(q,p) 

by U, then H = QU. By the proposition 3 in §2, Weizenbock formula and a popular 
formula _ 

A (W) = (A $)tf + 2^(V Bi $)(V Ei *7) + $(A t/), 

i 

we have 

(£ + at)m) = _ [(Ao - £. #,)*]U 2Z i (V Ei *)(V Ei U) 
+h + 1 2 + h + h, 

where 

h = <t>(£fU - tv 3 kE+E-U) 

h = t 2 Ej fa (P) + Efc Wy*) 2 ]^ 

J 4 = *A t/. 

Note that the lemma 7 still holds if we replace H by <J>. We write the right-hand 
side of the inequality of the lemma 7 as 

c Q(cit, q, p)cxp | - ^-v(p) 2 1 = V2 n coQ(2ciT, <?, p)exp | - 7^v(p) 2 j £, 

where 

^ CXP {"^ 2(,? ' P)_ & W(?,)2 }- 

If we prove 

l^" 1 ^ + a *)WI < const.(^ + 1), 

then 

|(£ + n t )(*E0| =|<f- 1 (^ + n t )(<l>C/)|-|$| 

< + a t K<PU)\V2 n c Q(2 Cl T 7 q,p)eM-£v(p) 2 } 

< const. c Q(2cit, g,p)exp{-§|-w(p) 2 }(VTt + 1). 

It implies Lemma 8 is correct. So we check 6 terms in the expression of (J^ + 
□t)($£7) along this way in order to enable the correctness of Lemma 8. Note that 
for any mi, m 2 > 

(^) mi K, (P ) 2 ) m2 e< c , 

where the constant c depends only on mi,m 2 . So we have 

l^-'hl < Z\Et(v jk - v jk (p))E+Et\ 

< const. t\y\£ 

= const.^(^)^ 

< const. t-y/r, 
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I^- 1 ^ < t 2 | EMp) + vjk(p)y k + 0(M 2 )) 2 - E(«i(p) + v jk (p)y k ) 2 \Z 

<const.t 2 (\v(p)\-\y\ 2 + \y\ 3 )Z 



= const. 



^(^| u(p )|)(kL) + ^ v? 3 ( M ) 3 



< const. ty^T, 



it follows 



where "const." means a constant, which does not depend on r, t, q and p. Further 
it is easy to see that 

l^ -1 -^! < const., I^ 1 ^! < const.. 

So only two terms [-(A - E ^z)$\U and [-2 Ei $)(V Ei U)] are left alone. 
From the equalities 

= {-£ (^k) . fc yfe - 2r {^) jk {Ba*) k } 

< const. ^M+ri 2 ^. 

Note that <fi(q,p) = 1 for g , which is near p, and exp {E T * u jk(p)-^'j~-^'fc"} does not 
depend on y, so due to \T^ \ < const. \y\ we have 

\Ui\ < const. \y\. 

Therefore 

l^-^iC/jl < const. ^-^j- + rt 2 |y|^ £ < const. (y/rt + 1). 
By using the equalities 

Ei(*« " = - <W(-£) (^) jfc 

+ *^ d_ a^r( _ 2?) ( sinh )jfe V k 

{-£ y k 2r (^) . fc (Ba*) fe } 

and 

£P J = % + - ^ iJij-fcj (p)t/ fe t/ ; + . . . 



we get 



_ ^$)| < CO nst. ^ + rt 2 ^!^ £ < const. (1 + x/rt). 



Therefore the lemma is proved. 



4 Two lemmas 

Lemma A For a fixed sufficient small e > 0, and for any ci, c 2 > with ci < c 2 , 
there exists a constant c = c(ci,C2,e) such that for any 6 M,u,t > with 
< f < r, we have 

/ Q(ci(r - v),q,z)Q(c 2 v,z,p)dz < cQ(c 2 T,q,p), 

Jp(q,z)<e 
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where 

Q{a, q, z) = „ exp <^ 

Proof It is equivalent to prove 

Jp(q,z)<e V ( T - V ) V I 4 J 

where const, means a constant, which does not depend on u, r, q, and p, and 

A(y, T , q, z,p) = -J%2l*L Pl^A + P^hA. 

ci(r - v) c 2 v c 2 t 



Now we prove the above incqulity in three separate cases. 

1 

2 - 



(i) If p(q,p) > 4e and ^—^ > |, then due to p(q, z) < e, 



p{z,p) > p(q,p) - p(q, z)>Ae-e = 3e, 

r — v v 1 1 3e e 

—^—p(z,p) - -p(q,z) > -p(z,p) - -p(q,z) > — - - = e, 

and thus 

A(v,T,q,z,p) <_ 4(^1 _£!(££) + 

vi ; ir) — c\{t — u) civ c 2 t 

< p 2 (q,z) _ p 2 (z,p) , (p(q,z)+p(z,p)) 2 
— e 2 (r — i/) c 2 ^ c 2 r 



c 2 (r — i^) 

< - 



C2(t — f)f 

Therefore 



T ™ ^4 / T ™ T 

exp— < , / — exp{— - — — e 2 } < const. 



(r — v)v 4 y ( T — 4c 2 (r — v)v 

(ii) If p(<?,p) > 4e and < ^,then ^ >\ and thus 
A /=^"cxp4 < ./^"exp(-(i-i)£M + i(-A£l 

Y (t — ^4 — y r— 1> ^ ^ ^ci c 2 ' 4(t — v) i x - c 2 (r— i/ 



P (*>P) _|_ P (g.p) 



and 



/(«,*)<« \j (t-v)v ° XP { 4 } dZ < /(g iZ ) <e Y (t - v) ° XP { 4c (r - v) } ^ 

< const., 

where Cq — (^- — Therefore the lemma is true in this case, 

(hi) Now we consider the case when p(q 7 p) < 4e. Let 

V T — V 

A = -, p = . 

T T 
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By using a reasonning in the proof of case (i), 

\p 2 (q,z) + pp 2 (z,p) - \pp 2 {q,p) > Xp 2 (q,z) + pp 2 (z,p) - \p(p{q, z) + p(z,p)) 2 

= - pp(z,p)) 2 

>o, 

we can let 

W = yj\p 2 {q,z) + pp 2 (z,p) - Xpp 2 (q,p). 

And let o be a point on the geodesic joining p and q such that 

p(o,p) 



p(q,p) 



= A. 



Without of loss of generalities, we assume n = 2. By the last theorem in the 
appendix we know that for a sufficeinte small e > 0, 

W 2 > l -p 2 (o,z). 

Then 



exp T < C M- iC2i r-,), W 2 } 

I U 

Choose a geodesic coordinate system centering at o, the coordinates of a point is 
(p, 6>), where 9 e S 1 . Then the volume measure dz satisfies 

dz < const. \pdpd9\. 

And then 



T ^4 I T I T 

-exp— dz < const., / — exp{— - — —p 2 }pdpd6. 



(r — v)v 4 V ( r ~ v ) v ( r — v ) v 

Therefore we finish the proof of Lemma A. 

Lemma B Let e be small enough. For any so > 0, c > there exists a constant 
h(s ,c) such that for any c > h(s n7 c) and i,Ti,r 2 > with rii,T 2 t < s 0} and 
g,peM with p(q,p) < e, we have 

P 2 T 1 <2 ..^X2\„ / T 2* 2 , N 2 \^„ / T 2^ ,x2 



and 



■ x P <; - ^ w ( p ) 2 |exp|-^«(g) 2 | < cxp|-^«(p) 5 



where p = p(q,p). 

Proof It is equivalent to prove 



j-2 



or 

„2 ^ 4-1 r +2 



''" ^( P ) 2 + ^k( g ) 2 -^(p) 2 |<0. 



4CT! C C 

From Taylor expansion of v(q) 2 

v(q) 2 = v(pf + 2v(p)v (p)p + .... 
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it follows that there exists a constant k, which does not depend on p and q, such 
that 

Hqf~v(pf\ <k(\v(p)\p + p 2 ). 

So 

-4^r -^(p) 2 + ^Hif <p?\ < -iSr - ^(p) 2 + ^(Hp)\p + p 2 ) 

< - JL— _ Tit 2 ,.fW\ 2 4- kr 2 t 2 (2c J v(p) 2 rit 2 I p 2 \ , 4fccTir 2 t 2 p 2 

- 4cn c "T" c V t V c V 4cr i ' 5 4cT i 

< -l4 - ^<P) 2 + + ^^W 2 ) + ^^3^7 

< P 2 - fcs ° c — iks l c \ _ Ilf_ v ( v )2(l _ ks c \ 

— 4cri v c c ' c V c ' ' 

Therefore if choose /i(so, c) > (fcso + 4fcsg)c, then we have 

P 2 T l <2 ,V^2 , T 2^| , x2 / N2| 



4cti c c 

So lemma B is true. 



w(?r + 4t-k«) -«(p) I < o. 



5 Levi iteration 

Definition 9 Suppose we are given H(T,q,p,t). By the following procedure we 
construct K m (T,q,p,t) 7 m > 0, and K(T,q,p,t). 

K { T ,q,p,t) =(-^ + U t )H( T ,q,p,t), 
K m +i{T,q,p,t) =j dv J K (t - v,q,z,t)K m (u,z,p,t)dz, Vm > 0, 

OO 

K(r,q,p,t) = ^(-ir +1 if m (r, g ,p,t). 

m=0 

The above procedure is called Levi iteration. 

Of course, the first question for Levi iteration is wheather the series, which 
defines K(T,q,p,t), converges. We will show it does if H(T,q,p,t) is defined by 
Definition 6. 

Lemma 10 Choose <fi(q,p) properly such that the supports of H(r,q,p,t) and 
(^r + D t )H(r, q,p,t) are contained in {(r, q,p, t)\p(q,p) < e}. Then for sufficient 
small e and fixed To, s > there exist Co, ci such that Lemma 7, Lemma 8 and the 
following inequalities hold. 

\H{t, q,p, t)\ < c Q(cit, g,p)cxp {-^(g) 2 } , 

\{^ + U t )H(T 1 q,p 1 t)\<c Q (^t + l)Q(c 1 T 1 q,p)c^{- 1 ^v{q?}- 

Proof The lemma is trivial due to Lemma7, Lemma 8 and Lemma B. 

Lemma 11 Choose e,To,so a s in Lemma 10 and let co,ci be given in Lemma 
10. Then for c\ > Max{/i(s , 2ci), 2c\, e}, where h(s n ,2ci,e) is given in Lemma B, 
the following inequalities hold 

\K m (r,q,p,t)\ < (^) 2 co(V2\, c) m (V^t+ir+ 1 ^Q(£ 1 r,q,p)exp\-^v(qA, 
\aj ml I ci J 

where m > 0, and c = c(2ci, ci), which is given by Lemma A. 
Proof Let 

a " = IcT/ c °' 



ii 



then by Lemma 10 

\K (T,q,p,t)\ = \(£ + n t )H(T,q,p,t)\ 

< ^o(^ + l)^exp{-4^)-^n?)} 

= a (V^t + l)Q(cir, g,p)exp {-^«(g) 2 } ■ 

Define 

a m+ i = (a/2 c c)a m = c (V2 c c) m+1 . 

We are going to check the following equalities 

Tt 2 



\K m (T,q,p,t)\ < a m ( v ^t + l) m+1 — Q(d 1 T,q,p)exp\ - 

ml { 



—v{q) 



by induction on m. Suppose the inequality is true for m, by using an inequality in 
Lemma 10 and a fact 



Support (K (t, <7, p,t)) C {{r,q,p,t)\p(q,p) < e} 



we have 



\K m+1 \ = \ K (T-v,q,z,t)K m {v,z,p,t)dzdv\ 
Jn J m 

= 1/ / K q (t - v, q,z,t)K m (u,z, p,t)dzdv\ 

JO Jp(z,q)<e 

c a a m (V7~~^t + l)(y/ih + l) m+1 — Qdzdv 

Az,q)<e m! 

c a m {V^t+l) m+2 —Qdzdv 

. (z,q)<e ml 



where 



Q = Q(ci(t - u),q,z)exp \ -— — ^—v(z) 2 \ Q(cif, z,p)exp j -^—v{z) 2 



ci I I Cl 



By Lemma B we have 

Q = v / 2™Q(2ci(r - z)Q(c\v, z,p)cxp{ 
^v{-^fv{z) 2 

= V2 n Q(2ci(T - v), q, z)Q(c 1 u, z,p)exp { 
^{- ( -^fv{z) 2 -^v{z) 2 } 

< v / 2™Q(2ci(r - is), q, z)Q{c\v, z,p)exp j 

exp{-fU,(z) 2 } 

< V2 n Q(2 Cl (T - is), q, z)Q(c 1 is, z,p)exp {-?£v( q ) 2 } . 

And by Lemma A we also have 

Qdz < \FlcQ(c\T, q,p)exp j -^—v(q) 2 1 

p(z,q)<e I Cl J 



P 2 (9^) 


(r-„)t 2 


8(T-v)d 


2ci 


p 2 (q,z) 


(r-„)t 2 


8(r-i/)ci 


2ci 


P 2 (<7,z) 


(r-„)t 2 


8(r-i/)ci 


2ci 
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Therefore, 

+2 



K m+1 \ < 



/ (c cV2 l )a m (^t + l) m+2 — diy Q(d 1 T,q,p)exp \ - — v(q) 
Jo m - I c i 



The lemma is proved. 

Lemma 12 There holds 



TZ=o\K m (T,q,p,t)\ < (|) 2 co(V^t + l)cxp{V2" Co c(^o + To)} 

Q(c 1 T,q,p)exp{-^-v{q) 2 ^ . 



Proof It is a trivial corollary of Lemma 1 1 . 
Proposition 13 There holds 



G(r,q,p,t) = H(r,q,p,t) + dv \ H(t - v,q,z,t)K{v,z,p,t)dz. 

Jo Jm 

Proof K(t, q, p, t) is well-defined due to Lemma 12. The right-hand side of the 
above equality is also well-defined by using Lemma 12 and Lemma A. By a necessary 
routine check the right-hand side is indeed a fundamental solution of + So 
the proposition is true. 

6 Proof of Theorem 1 

Due to 



# = V4r 2 B*B = ^AT 2 t 2 A{p)A{p)* = 6 
= (f>o(T 7 t,p). Then by Proposition 13, The< 

(s — lim) / dp dv I H{t — u,p, z,t)K{i>, z,p,t)dz = 0. 
Jm Jo Jm 



we have H(r,p,p,t) = (j)o{T,t,p). Then by Proposition 13, Theorem 1 is equivalent 
to 



By lemma 10, lemma 12, and lemma B, which is used in the same way as in 
proving Lemma 11, we can get 

(i) \H(t - u,p,z,t)K(v,z,p,t)\ < const, {y/rt + 1)Q{2c\{t - u),p,z)Q(civ,z,p) 

exp{-^(p) 2 }, 

(ii) \H(t - u,p,z,t)K(v,z,p,t)\ < const. (\/rt + 1)Q(2c 1 (t - v),p,z)Q(ciu,z,p) 

exp{-^(z) 2 }, 

where the const, is a constant, which does not depend on r, t, q,p, z. 
Let N e be an e-neighbourhood of the zero set of V, and let 

6 = Mm{\V(p)\;p?N e }. 

Thus if z is not in N e , then by (ii) we have 

\H(t — v,p, z, t)K(u, z,p, t)\ < const, (\/rt + 1)Q(2c\(t — v),p, z) 

Q(ciJ/,z,p)exp|-^0 2 -| , 
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I dp dv / H(t — v,p, z, t)K{v, z,p, t)dz\ < 
Jm Jo J M—N t 

< const.cxp j- 1 ^} J {Vrt+l)dv 

11 Q(2c 1 (t - v) : p,z)Q(c 1 v,z,p)dpdz 

J J p(p,z)<£ 

< const.exp j -^r-t\ {^/ts + r) / Q(ciT,p,p)dp 

r 

< const ._^exp{-4fi}, 

which implies 

(s — lim)| / dp dv I H(t — u,p, z,t)K(u, z,p,t)dz\ = 0. 
Jm Jo Jm-n € 

Similarly, for p £ N e , we also have 

(s — lim)| / dp dv H(t — v,p, z,t)K(v, z,p,t)dz\ = 0. 
Jm-n„ Jo Jm 

Suppose G Zero(V), choose a normal coordinate system centering at 0, and an or- 
thonormal moving frame as in §3. Let the coordinates ofp and z are (xi, • • • , x n ), {z\, ■ ■ ■ , z n ) 
respectively. And let Y = (j/i, • • • , y n ) be defined by 

e x Pz(^2vi E i( z )) =P- 

Then 

H{r,p,z,t) = ${T,Y,t( Vl (z), - ■ ■ ,v n (z)),tB{z)) 
exp Ttv lk (z)E+E- } 4>(p, z), 

and 

\H(r,p,z,t)\ < const.$(r,F,i(ui(^),- • • ,v n (z)),tB(z)). 

Note that 

Y = (X — Z) + . . . , 

MO) ••• «nl(0) 
(«i(z), • • • ,u n (z)) = (zi, • • • ,z„) I : : |+... 



= ZB(0) + ... 

and 



vi n {0) ■■■ v nn {0) 



$ (r, X-Z, tZB(0),tB(0)) = y/dat (^) exp + + Z)* 

_i(x-z)^±i)(x-zr } 

Now we estimate $(r, Y, • • • , v n (z)), tB{z)) and $(t, X-Z, tZB(0), tB(0)). 

Lemma 14 For fixed s > 0, there exist e, 77 > such that if z) < e,then 

(i) $( r ,X-Z,iZB(0),tB(0))<const. 73 |^exp{ -^[(X + Z)(X + Z)* 

+(X - Z)(X - Z)*] } . 
(it) <i>(r,y,t(« 1 (z),..., W „(z)),i J B(z))<const. 73 i^ exp {-^[(X + Z)(X + Zf 

+(X-Z)(X-Zy}}, 

where the const, depends on s. 
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Proof Denote 



a = -± { x - z)°^(x - zy 
-^tHx-zy 1 §f^B(o)(zB 

-2rt^ZB(0)^l-^(ZB(Q)y, 



and 



_ 1 y 6 cosh y 

4r sinh 



where 



-2rt 2 V (,)||^,(z)*, 

u(z) = (i) i(4-,^(z)), 
6 = ^ /4T 2 t 2 B(z)B( Z y , 
9 = V4r 2 t 2 B(0)S(0)* 
cosh = cosh O . 

It is trivial that there is a positive function a(-) with lim e ^ Oi{e) = 0, such that 

\A - A | < const.a(e){ - Z\ 2 + 2rt 2 \X - Z\ ■ \Z\ + 2rt 2 \Z\ 2 } 
< const.a(e){i|X - Z\ 2 + ±\X - Z\ ■ \Z\ + \\Z\ 2 }. 

From 

\Z\<\(\X-Z\ + \X + Z\\ 

\Z\ 2 < \{\X -Z\ + \X + Z\) 2 < \{\X - Z\ 2 + \X + Z| 2 ), 

it follows that 

\A-A \< const.a(e){-|X - Z\ 2 + \X + Z\ 2 }. 

T 

By using Proposition 5 we can choose r\ > such that the following inequalities 
hold. 

A = -l(X - Z) @ °^° +1 \ X - Z) 

-I(X|Z) e ^-" (ItZ) 
< --J-\X - z\ 2 - ^-\x + z\ 2 . 

— 4t>j I I 4rr; I I 

So from 

e 

> const. > 



sinh 

we get (i). And it is easy to see that 
|$| < const. 1 n exp A < const. exp{A — A } 1 u expAp 

V 47TT V 4-7TT 

< const.cxp {const.^(|X - Z\ 2 + \X + Z\ 2 ) - £-(\X - Z\ 2 + \X + Z| 2 )} 
^cxp{-^(|X-Z| 2 + LY + Z| 2 )}. 

Choose e small enough such that the term 



nmst.^flX - Z| 2 + |X + Z| 2 ) - — (\X - Z\ 2 + \X + ZH j 



in the above inequalities is negative, thus the lemma is true. 

Now let us continue to prove the theorem 1. By using Lemma 12 we have 

\H(t - v,p, z,t) K(v, z,p,t)\ < const. $(r - u,p, z, t)(y/ut + l)Q(ciis, q,p) 

< const.(^t + l)^=-7=- exp {-^^(X + Z)(X + Z)*} 

ex p {-w^( x z ^ x ■ cx p {-ik( x z ^ x z y 
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Let Wi = X + Z, W 2 = X - Z, note that 

< f - 1 exp (- - — . w 2 w;)dw 2 

J y/(r - v)v I ±(t-v)vc 2 J 

< const. —r=n, 

where 

c 2 = Max{2?7, 5i}. 

Then 



| / H(t — v,p, z,t)K(v, z,p,t)dpdz\ 

Jo J J {near 0} 

< const. I [ duff H-KdWidW 2 \ 

Jo J J {near 0} 

< const. / U/rt + l)du [ b exp { - - 1 dW x 

Jo r J { 8(t-i/)7?J 

< const.^^+l^/^expj-^L^}^ 

< const -^ {\frt + l)dv y -^-cxpj-^jdVFi 

< const, (y/rt + 1)t 

< const. (Vrs + r) S — ™ 0, 

where {near 0} means that both p and z are near to the point 0. 
Suming up the above discussions we get 

(s — lim) / dp dv I H(t — v,p, z,t)K(v, z,p,t)dz = 0. 
Jm Jo Jm 

7 Hopf theorem 

Hopf Theorem Given a Ricmannian manifold M of dim n, and a vector field V 
without degenerate zeros, there holds 



X 



(M)= £ 



peZero(v) 



dct (vij(p)) 
|det(t>ij(p))|' 



where x(M) is the Euler number of M. 

Proof For the superstructure of A*(M) 

A;(M) = A™ e "(M) + A° p dd (M), 

define str of a linear map 

l : a;(m) - a;(m) 

by 

str(L) = tr(L|A™ e ™(M)) - tr(L|A° dd (Af)) 
Due to the following inequalites 



|aH h a„| < |ai| H \-\a n \ < \fn\j a\ -\ h , 
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we have 

\stT(G(T,p,p,i) - <t> {T,t,p))\ < s/n\G{T,p,p,t) - <p (T,t,p)\. 
Thus the theorem 1 implies 

X{M) = (s — lim) / strG(r,p,p, t)dp = (s — lim) / str0 o (r, t,p)dp. 
Jm J M 

Let AT £ be the e-neighbourhood of Zero(V) . It is easy to see that there exists an 
5 > such that 

5 < Mm{\V{p)\;p e M - N e }, 

and 

cosh 6 — 1 
S ^^6~ V ^ S0 

Then 

\[ str<f> (T,t,p)dp\ < const. / -Lj^dp^O. 

JM-N e J M—N e V47rr 

(s — lim) / str<^o(T, t,p)dp = (s — lim) / str (j) (T,t,p) dp. 
Jm Jn, 

Of course, Zero(V) is a finite set {pi, ■ ■ ■ ,p m }. For each zero point p a , in its 
e— neighbourhood N e (p a ), choose a normal coordinate system centering at p a , and 
orthonormal frames {Ei, • • • , E n } as before. Denote the normal coordinates of q e 
N e {p a ) by (z 1 ,---,z n ). Let 

W = K, ■••,<) = V8s(vi(z), • • • , Vn {z))yjf^ 

= V8s(( Zl ,...,z n )A(zr + ...)^^. 

It is easy to see that 

dW _ d(wi, - ■ ■ ,w n ) 
dZ d(zi,---,z n ) 

is non-degenerate. Thus 



So 



(s - lim) / str </> (t, i, g)d<? = lim^oo / J — !— ■ J det 

JN e ( Pa ) JN e (p„) V 47TT" V 



sinh# 



exp{-^}exp{ S £^(z)£+£7}(detff)-W 
= (strexplsE^m+^Xdet^)- 1 ■ yMS)) 



2 = 



From 



^U=o = (2sA { zr ] / I ^-^2( C o S l,6-l) ] 

z=0 



it follows that 



(det ||) = ^det ^ det (v /2(cosh e - 1))^ 



z=0 



So 



(s - lim) / str<^o(r, t, q)dq = (det A /2(cosh6» - 1)) _1 ) 

str cxp{ s £ w 4 j (p a )EfEj). 
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Let us consider everything when s goes to zero. First we have 

[det(^2(cosh0-l))] z=o = dct(V# 2 + • • .)*=o 

= {2s) n \det{v ij (p a ))\+0{s n+1 ). 

Then let us consider the term str exp{sJ2 v ij (.Pa) E~}. Note that 
str(££ ■■■B^Er...Er) = 0, for A + » < 2n. 

Hence 

str(exp( S E^fe(Pa)^ + ^ fe ")) - ^tr ^$> jfc (Pa)£/£fc j + 0(.s n+1 ) 

= w E ' ' ' , jn)e(fci, ■ • • , *V.)«jifci(Po) ' ' ' ^„fc„(p Q )str(£; i + Sf • • • E+E~) 
+0(s n+1 ), 

where the sum runs over all permutations [ji, ■ ■ ■ , j n ), {ki, ■ ■ ■ , k n ) of (1,2, ■ ■ ■ ,n), 
and e(ji, ■ ■ ■ ,j n ) is equal to 1 or —1 if the permutation ■ ■ ■ ,j n ) is even or odd, 
respectively. Therefore, by the Proposition 3' in [6] 

str(exp( S ]T^(p Q )£;+£-) - (2s)" • det(v jk (p)) + 0(s n+1 ). 
From the above discussions we get 

X(M) = lim s _ (s - lim) / strG(r, q, q, t)dq 

Jm 

= lim s ^o(s — lim) / strcj)o(T,t,q)dq 
Jm 

= 2_] lim (s — lim) / strcf>o(T,t,q)dq 

= ^2 lim I det V 2 ( cosh0 - l)] _1 str exp{s ^2 (Pa ) E t E j } 
Pa eZero(v) 

\p dct(^j(p a )) 

The theorem is proved. 



8 Appendix 

Let M be an oriented Ricmannian manifold of dimension 2, P : S(M) — ► M be 
the tangent sphere bundle of M. Three tangent vector fields Xi,X 2 ,X 3 on S(M) 
were well known for geometers (see the definitions in [4]). Let be the inte- 

gral flows on S(M), which correspond to X\,X 3 respectively. A geodesic triangle 
can be described by a set of parameters {u, t, 9, 1, 7, b, a}, where u € S(M), and 
{t, 8, 1, 7, b, a} are arc lengths or angles, such that the set of parameters satisfies 




t 
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For a geodesic triangle, we denote 

B = P(u), ub = u, 

and 

1 \ 

H(\AB\,u B ) J ' 




- sin 9 
-cos6» 
1 

and so on, where \AB\ means the length of the geodesic arc AB. H(t,u) is the 
unique solution to the following ODE 

im = ( o -Hm -j x{t) 

*(»)-( J !' 

where X(t) are 2 x 2 matrices, u G S(M),p(t) = 

Theorem(SAS trigonometry formulas) For not too big i and i, we can 
solve the geodesic triangle, i.e. there exist three functions 

a = a(t, 9, 1, u), 
7= l(t,0,l,u), 
b= b(t,6,l,u), 

such that 

F(t,9,l,u) = u, V(t,6,l,u), 

where 

F(t,6,l,u) = ^^-«(*.».'.«)^(*.».'.«)^-7(*.«.'.ti)^^-fl U- 
Then there hold 

/ Xi(u)a \ / Xi(u)6 

(i) X 2 (u)a J [AB] — [ X 2 (u)6 ] [a][AB] 

\ X 3 (u)a J \ X 3 (u)b 

/ Xi(u)7 
+ 00 X 2 ( u ) 7 ) [CA][a][AB] 
V X 3 (u) 7 

= [6}[BC}[ 1 }[CA]\a}[AB}- 

a t 

(m) ( a e ) [AB] - | 6 e | [a][AB] 
a/ 





[CA][a][AB] 
I j [Br'][ 7 ][Ck][a][AB] 





1 [7][CA][a][AB] 

1 
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where a t = 

Remark If M is a space form, then a, b, 7 do not depend on u, hence (i) is 
just the last theorem in [4]. 
Proof Let 

$ : (0, t ] xS'x [0, Iq] x S(M) -» S(M ) 
be the projection. From $ = i* 1 it follows 



From the trivial facts 



$rlL) = §fJL) = &jlL) = <&JX i ) = X i , 
K dt J dd' K dl' v ' 

we get 

F * { Ft ) = F * { §e ) = F * { §i ) = > F * {x ^ = x ^ 

which turn out to be the desired (i) and (ii) due to concrete formulas of F* . For 
example, let us compute -F*(Jy) 

= (ev n - a Z b v 7V - J )*(Mti l v 7V - d UB)) 

+(? v *- a Z b MX s (ri"-'Z l ri"- 9 u B )) ■ (- 7J ) 

+(£V _a ).(*i (£V" 7 <£y- 6 u B )) ■ h 

Hi{X 3 {rf- a tiW-^ l ri*- e u B )) ■ (- ai ). 
By using Lemma 7 in [4] we have 

F.{§ [ )= (l,0,0)[l}[CA}[a}[AB] 
-{0,0,-n)[CA][a][A^] 

+ (bi,0,0)[a][AB] 
-(0,0, ai )[AB}. 

So -F*( Jj ) — is just the last line of the equality (ii). 
Theorem there hold 

(i) bi = cos 7. 

(«) & »--trS^7^ 2 7- 

(m) there exist e > such that for < t, I < e, 
(6 2 )h > 1. 

Proof The SAS formula shows 

(0, 0, a t ) - (h , 0, 0) [a] + (0, 0, lt )[CA] [a] = (1,0, 0) [7] [CA] [a] , 

i.e. 

- cos a — sin a 
(0,0, ai) — (hi 0,0) I sina — cosa 





+ (°'°^)( J ^). ^ 

- cos a — sin a 

(1,0,0) I sin 7 —cos 7 ) ( ^ \ \ \ sina —cos a 

' ' 1 
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which is 

bi cos a + H 2 i(b, ua)ji sin a = cos 7 cos a — i?n(&, ua) sin 7 sin a 
bi sin a — i?2i(&, ua)7i cos a = cos 7 sin a + Hn(b, ua) sin 7 cos a 
ui + H 22 (b, u A )ji = -#12(6, «a) sin 7. 

So by the lemma 6 in [4] we get 

bi — cos 7 
7; = — „ ; sin 7 
a i = H g,f 11 sin 7 — H12 sin 7 



2 j 



And 

2 



1 (& 2 )n = Oz) 2 + &&« = cos 2 7 + {-sin^i) 



cos 2 7 + ^Hiisin 2 7 = 1 + (^if u - l)sin 2 7. 
By the equation of H (6, ua) we know 

6 

lim = lim Hn = 1, 

therefore there exists e > 0, if t, I < e, we have 

b < t + l < 2e, 

so we can have 
Thus 

|(-^i/ 11 -l)sin 2 7|<i 

i(6 2 )«>l-|(^-H 11 -l)sin 2 7 |>i 

The theorem is true now. 

Theorem There exists an e > 0, such that for any geodesic AB with p(A, B) = 
\AB\ =< e, for any z e M, satisfying 

p(z,A), p(z,B)<€, 

and for any A G [0, 1], we have 

,4) 2 + Xp(z, Bf - \pp{A, Bf > lp( 0) z) 2 , 
where u = 1 — A, and o is a point on the geodesic AB such that 

Ao A 

AB- X - 

Proof Let LAoz = 8,1 = p(o, z), p(A, B) — s, and let 
f(l) = Xp(z,B) 2 +pp(z,A) 2 -Xpl. 
When AB and 9 are fixed, 

dp(A,z) dp(B,z) 

— j t — U=o = cos(tt - 6), — | i=0 =cos6», 
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thus 

/(O) = Xfi 2 s 2 + fiX 2 s 2 - X^is 2 = 0, 

and 

f(0) =AM£^| i=0+A1 M£^l!| ;=0 
= A/zs cos 9 + fiX cos(7r — 9) = 0. 

Therefore 

/(/) = \f"{l)l 2 = | (A4*#£ + M *&^) l^ 2 

>HI + f)p 2 = 4- 

So the theorem is proved. 
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